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Cubic equations of state (EOSs) are widely used to model the thermodynamic prop-
erties of pure fluids and mixtures. Howewver, because they fail to account for the long-
range fluctuations existing in a fluid near the critical point, they do not accurately
predict the fluid properties in the critical region. Recently, an approximate renormaliza-
tion group method was developed that can account for these fluctuations. A similar
method is applied to provide corrections to a generalized cubic EOS for pure fluids,
which is able to represent all classic cubic EOSs. The proposed approach requires two
additional parameters: Trg and A. The value of CTrg is correlated to experimental
critical compressibility data, while A is set equal to 1. The method is applied to predict
the saturated liquid density of fluids of different polarity, and the corrections to the
original EOS are found to significantly improve the predictions of this property both far
from and close to the critical point. Finally, a correlation is presented for the direct
evaluation of the parameter Cr from the value of the critical compressibility factor.

Introduction

Cubic equations of state (EOSs) are widely used in process
design and simulation to calculate thermodynamic properties
of pure fluids and mixtures because they are simple, accu-
rate, and flexible at the same time. These equations are able
to describe quantitatively both equilibrium and volumetric
properties of fluids away from the critical point; however, they
give a poor description near the critical point (Goldenfeld,
1996). This failure is inherent to the model, since cubic EOSs
exhibit mean field critical behavior and fail to take into ac-
count long wavelength density fluctuations, which are very
important near the critical point.

In engineering applications, it is desirable to have an accu-
rate EOS for representing the behavior of pure fluids and
mixtures both close to and far from the critical point. One
method for obtaining such an EOS is to “splice” together the
known behavior of fluids asympotically close to the critical
point with an equation of state (as a cubic EOS) that works
well far away from the critical region. A model using this
approach is typically referred to as a crossover EOS. This
model has been applied recently to pure fluids as well as to
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binary mixtures (Kiselev, 1998a; Kiselev and Friend, 1998;
Anisimov et al., 1998a,b).

An alternate approach is that proposed by Wilson
(1971a,b), who introduced the phase-space cell approxima-
tion for the qualitative analysis of the behavior of systems
near the critical point; this procedure leads to an EOS with
nonclassic exponents, close to those observed experimentally.
White and coworkers (Salvino and White, 1992; White and
Zhang, 1993, 1995, 1997) have extended the range of applica-
bility of Wilson’s method to regions of the phase diagram be-
yond the asymptotic critical regime. The resulting theory is
accurate and computationally efficient in a broad region
around the critical point. Recently, Lue and Prausnitz
(1998a,b) extended this approach to a larger region around
the critical point.

The purpose of this work is to improve the volumetric be-
havior of cubic EOSs for pure fluids in the vicinity of the
critical point. In order to incorporate effects of fluctuations,
we applied the White’s approximate renormalization group
(RG) method to a generalized cubic EOS that can represent
all classic cubic EOSs.

The proposed RG method requires two additional parame-
ters, Crg and A; the parameter A is set equal to 1, while the
parameter Crg is chosen to reproduce the experimental criti-
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cal compressibility. In this way, it is possible to minimize the
errors of saturated liquid density calculations. The results ob-
tained are very satisfactory for all compounds considered,
which span from low polar to high polar ones. In addition,
since the correction is made on the specific Helmholtz en-
ergy, the calculation of all other thermodynamic properties is
expected to be improved as well.

This article is organized as follows. After briefly reviewing
the generalized cubic EOS, from which the van der Waals
(vdW), Redlich-Kwong—Soave (RKS) and Peng—Robinson
(PR) EOSs can be derived, we point out the limits of such
models to reproduce volumetric properties of pure fluids near
the critical point. Then we review the basic equations of the
RG method, and discuss the details of their implementation.
Further, we describe the procedure for evaluating parame-
ters of the generalized EOS in the framework of the RG
method. Finally, the effectiveness of the proposed approach
is discussed and tested against experimental data of satu-
rated liquid densities of pure fluids. A correlation is pre-
sented for the direct evaluation of the parameter Tgrg from
the value of the critical compressibility factor.

Generalized Cubic EOS
Theory

As outlined by Soave et al. (1999), the generalized cubic
EOS has an algebraic form similar to the RKS EOS:

RT a(T)
P To-b ro)(vtcrd)

with a(T)=a.a(T), (1)

where v, P, T are molar volume, pressure, and temperature,
respectively; R is the universal gas constant; a and b are the
attractive and repulsive parameters; a. is the value of a at
the critical point; and «(T) is a function of temperature used
to exactly reproduce vapor pressure data (Soave, 1986). Note
that Eq. 1 takes into account the volume shift according to
Peneloux et al. (1982) through parameter ¢, which does not
affect vapor pressure calculations, and that different values
of d correspond to different forms of the EOS (i.e., different
cubic EOSs). The parameters a;, b, ¢, and d can be ex-
pressed for each compound as functions of the critical tem-
perature and pressure T, and P

R2T2 RT,
a. =11, ) b= Qb
PC PC
RT, RT,
c=0,—; d=Q,—, (2)
PC PC

where Q,, Q., and Q4 are constants for a given EOS, and
Q. is independent of temperature and pressure but is a func-
tion of the fluid identity. Once the cubic EOS is selected by
setting a value of Q, the values of Q,, Q,, and Q. can be
calculated by imposing the zero-slope tangency condition at
T=T, P=P, and (for Q. only) one reference value of the
liquid density. In this way, for example, it is possible to ob-
tain the classic vdW, RKS, and PR EOS by using the values
reported in Table 1.

Evaluation of parameters
It is convenient to write Eq. 1 in a dimensionless form:

(Z+C)3—(Z+C)2(%+1—E)B

A D A
+(Z+C)[E—E(l+ B)]B—EBZ=O, 3)

where A, B, C, and D are defined by

a,a(T,)P P
= R2T?Z = a(Tr)QaT_rz

bP P,

B=—=0,—
RT T,
cP P,

C=—=0,—
RT T,

b dpP Q P, (4)
RT 9T

In Egs. 4, P,, T, are the reduced pressure and temperature.
Note that

A Q. a(T
s ol ©
b r
is pressure independent and
D Q 6
B 0. (6)

is constant at fixed 4. In dimensionless variables, the fugac-
ity coefficient is expressed by

A
In<p=Z—1—In(Z+C—B)+BIn( ©)

Z+C+Dy

Table 1. Values of Parameters of the Generalized Cubic EOS to Obtain the Classic Cubic Equations of State

b d c Q, Q, Q4
Van der Waals Bygw 0 Cyaw 0.42188 0.125 0
Redlich—Kwong—Soave bris brks CRrKS 0.42748 0.08664 0.08664
Peng-Robinson (2—v2)bpg 2V2 bpg cor — (V2 = Dbpg 0.45724 0.07780 0.22003
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The value of « for a given T <T,_ is determined to exactly
reproduce vapor pressure data: this is achieved by simultane-
ously solving Eq. 3 for both the liquid and vapor phases, in
addition to the isofugacity condition:

IneV=1Ine". (3)

The parameter c (or ) is calculated by solving Eq. 1 with
respect to ¢ on the basis of one experimental liquid density
datum at known P, T conditions. We have used either the
value at P =1 atm and T =293 K, or the saturated density
value at the lowest temperature of validity of the vapor pres-
sure equation (if it was higher than 293 K), or the one at the
boiling temperature at P =1 bar (if the boiling temperature
was lower than 293 K). The parameter ¢ could be obtained
also from the critical compressibility factor, Z.

Limit of cubic equation of state

In Figure 1 the percent error in the calculation of the satu-
rated liquid density of propylene is shown for the RKS EOS
at different values of the parameter c. At best, the accuracy
of the prediction is acceptable only up to T, =0.75, and the
error increases sharply in the vicinity of the critical point.
This is a general, yet unacceptable, behavior of all cubic EOS:
the error usually becomes as high as 25-30% for nonpolar
compounds, and it goes up also to 50% for polar ones when
approaching the critical point.

Renormalization Group Correction

To our purpose, it is useful to rewrite the generalized cu-
bic EOS in terms of different dimensionless variables:

= -2
L
1+(c-1)p (1+cp)[L+(c+d)p]
60 o
X 40 BNy
% ~~~~~~~~~~~ =0 i .
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Figure 1. Percent error in the calculation of saturated
liquid density of propylene for RKS EOS for
different ¢ parameter values.

(i) c=0 (dotted line); (ii) ¢ calculated fitting Z. (dashed
line); (iii) ¢ calculated fitting experimental liquid density at
P =1 atm and T = 225.4 K (solid line).
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where p is the molar density (p =1/v) and the dimension-
less variables are defined by

I bRT 5 [

p P: _a(_l_)y _a(T)

f b2f- c= 2. d d 10
“am T T b (10)

To include the contribution of long-wavelength fluctua-
tions, we refer to the Helmholtz energy. In fact, according to
the global RG method proposed by White and Zhang (1993,
1995), the specific Helmholtz energy (or Helmholtz energy
density) f of a fluid is obtained by correcting the value of f
as calculated by the mean-field approach.

In the present work we use the generalized cubic EOS
summarized in the previous section and dimensionless vari-
ables defined by Eg. 10; therefore, the mean-field values of
the chemical potential and of the specific Helmholtz energy,
which will be indicated by T and fgpic, respectively, can
be expressed by (see Appendix A for details):

_ 1 1+¢p
Fesic = A° =T In[1+(C~1)p]+ 4 In m}
p - (e-1)pT
_(1+cpﬂ1+(c+a)ﬁ]+TwnTp_1+(c—1)5 b

fcubic = ﬁ{ﬁo ~Tln [l+(6_1)ﬁ]

1+¢p

1
d |1+(c+d)p

+f[|n(fp)—1]}. (12)

Note that the dimensionless form of the EOS is convenient
because, in this way, the two parameters a and b do not
appear in the calculation procedure.

At a given temperature, the RG correction to the specific
Helmholtz energy is evaluated for each value of density be-
tween p and ppa Where po. =1/A1—70) is the maximum
permissible value of the dimensionless fluid density according
to Eq. 12; 400 equally spaced points are considered, and a
cubic spline function is used to get a continuous isotherm.

For each density value, the method has to be applied in an
iterative manner, where each successive iteration includes the
effects of density fluctuations of longer and longer wave-
lengths. The algorithm used in this work, derived from that
by Salvino and White (1992), can be summarized as follows:

n
Qn,s - (13)
In 0<p < Pmax:

where
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< T
n 23nERG
NP _ G, i
_ [min[p, prmay — P] __ni =
Q”’i_/o exp{ Kn}dx i=s,l
1 rad -_— g -_— rad -_—
G, =E[ foi(p+x)+ (- X)] —fi(p) i=sl
(14)

Fr;,l = f-n—l_ f-O,a
f_n,s=_f-nfl_(2_2nA)f-O,a (15)
0 = Tcubic
f-O,a= _f_72-

Note that in Egs. 13—-15, s and | refer to the preceding and
subsequent step within each iteration, and that Tz and A
are two additional parameters of the equation of state. Note
also that the original algorithm of Salvino and White (1992)
has been modified in two ways:

1. The correction to the free energy density is calculated
in the whole density range [0, p.], Which was not the case in
the original procedure; thus, the upper integration limit in
Eqg. 14 has been changed according to: p — min[ p, ppax — pJ;

2. The starting point of calculation, f,, is the value given
by the cubic EOS, from which the original long-wavelength
contributions to the attractive term have been subtracted: this
term is roughly expressed by — p2, in analogy with what is
currently done for other EOSs (Salvino and White, 1992;
White and Zhang, 1993; Lue and Prausnitz, 1998a,b).

By applying the previous relations, successive approxima-
tions of the free energy density (f,) to its true value (f,) are
obtained, each containing the contribution of density fluctua-
tions of larger and larger wavelengths. In all cases consid-
ered, we have seen that for n> 5, the value of f, does not
change appreciably; therefore, five iterations were always
used in calculations, so that we assumed f, = f;.

The phase-space cell approximation leads to nonclassic
critical exponents. Due to the approximations inherent to the
method, however, the exponents are not exact and deviate
slightly from the actual values. For example, for the critical
exponents B, v, and 7, the phase-space cell approximation
yields 0.34, 0.61, and 0 (Wilson, 1971b; Salvino and White,
1992), respectively, while the best theoretical estimates for
these values are 0.325, 0.63, 0.0315 (Le Guillou and Zinn-
Justin, 1977). These small deviations, however, are not im-
portant for most chemical engineering applications.

Calculation Method
Integration procedure

Equations 13—15 were applied at constant temperature. For
each p between 0 and p,, the following steps are per-
formed:

e The initial values f,, f; , are calculated by Egs. 15;

e Ko fp fro Qi 8, are evaluated by Egs. 13, 14, and
15 until n=25;

e The corrections to the dimensionless chemical potential
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and pressure figye and P, are computed from the ther-
modynamic relations:

of
57 - (7(@ ) (16)
8P = p(8m)— &f. (17

The integral in Eq. 14 is evaluated using the trapezoid rule.

In Figure 2 an example of the RG correction for propylene
is reported, where the calculation is performed at saturated
liquid density for three reduced temperatures. From Figure 2
it is clear that:

e The contribution of density fluctuations to Helmholtz
energy density quickly decreases with n: five iterations are
always enough to capture the total effect due to density fluc-
tuations. This implies that shorter wavelength fluctuations,
whose effect is evaluated at lower n values, give greater con-
tribution to the correction.

e The overall correction, that is, the difference between
the initial and asymptotic values, is stronger at higher re-
duced temperature, as when approaching the critical point.

e The Helmholtz energy approaches the asymptotic value
more swiftly at low reduced temperature and more slowly near
the critical point. This result is reasonable: only fluctuations
with wavelengths less than the correlation length, &, are ex-
pected to give an appreciable contribution to the free energy
of fluids and ¢ is small far from the critical region, while
Eowas T -1

Evaluation of parameters

The value of parameter Trg is determined by fitting the
calculated critical compressibility factor, Z, which is given by

Z.=P/T. p.. (18)

to its experimental value.

1.000 SR -
,0.9984- \
S N
~ JAE AN
0.996 4
/ ———T=0.6853 |-
0.994 /] T T~08224 |
[ T=0.9594
0.992 ;
0 1 2 I T !

n

Figure 2. Variation in the specific Helmholtz energy fi-
nal value of propylene with the iterative
RG-step number n for three isotherms of RKS
ECS.

(i) T, = 0.6853 (solid line); (ii) T, = 0.8224 (dotted line); (iii)
T, = 0.9594 (dashed line) (all calculations are performed at
saturated liquid density).
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Equation 18 requires the values of the dimensionless criti-
cal constants p,, T,, P, that are not known a priori, because
they are embedded in the cubic EOS parameters corrected
by the RG method, see Eq. 10. Therefore, their values are
obtained as follows:

e T, is determined as the lowest temperature where the
curve P(p) does not show slope inversion;

e 7. is calculated at the minimum of the function (9P/dp);
at T =T,. The derivative is obtained numerically;

. 50 is evaluated from the corrected cubic EOS, Eq. 9, at
T=T. p=p. _

Note that for P, the knowledge of (corrected) parameter €
is also required (cf. Eqg. 9); hence, the calculation of Tzg and
of €T must be performed simultaneously. For details we refer
to Appendix B. Note also that the values of parameters a., b,
and c are changed as a result of the application of the RG
procedure, as outlined in the same Appendix.

The value of parameter A was arbitrarily set equal to 1.
We found that A =1 works better than other choices: in
particular, the average error in term of root-mean-square
deviation (RMSD) of saturated liquid density with respect
to experimental values is minimized for many compounds if
A=1.

Calculation of two-phase equilibrium curve

Once the parameters a., b, ¢, d, and Cgg are available,
the saturated liquid and vapor densities can be calculated at
any temperature, provided that the corresponding value of «
is known. This can be obtained by solving the following equa-
tions:

“(p)=nr(by)
ﬁ( pL) = F_)( pv) = 5esxapt (19)

with respect to «, p,, and p,,, which are the dimensionless
values of densities of the liquid and vapor phases at equilib-
rium. The corresponding dimensional densities are evaluated
by reversing Eq. 10:

p =% =LV, (20)

An example of calculation is given in Figure 3 for pro-
pylene. It is clear that the proposed method is able to re-
produce with high accuracy the experimental points of the
saturation line. Also, it is noteworthy that the P—uv equilib-
rium curve obtained by the RG corrected EOS does not match
exactly the one provided by the original cubic EOS even at
lower temperature. This is so because the RG method modi-
fies the original (dimensional) parameters of the EOS. Hence,
we can distinguish two main contributions of the total correc-
tion coming from the application of the RG method:

1. One due to the change of the original values of the EOS
parameters a., b, and c;

2. The other due to the calculation of the effect of density
fluctuations, which is determined by Crc.

Figure 3 clearly shows that the first contribution to the EOS
correction prevails at low temperature, while the flattening of
equilibrium curve near the critical point comes from the sec-
ond contribution.
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Figure 3. Vapor-liquid equilibrium curve for propylene.

(i) Experimental data (open circles); (ii) shifted RKS EOS
(dotted line); (iii) shifted RKS EOS with corrected values of
parameters a, b, ¢ (dashed line); and (iv) shifted RKS EOS
with RG correction (solid line).

Calculation of density outside the vapor - liquid
equilibrium curve

If the parameters a., b, c, d, and Crg are known, and the
value of « at the given temperature is calculated by means of
Egs. 19 to reproduce the corresponding vapor-pressure value,
it is possible to find the value of p at given T, P from the
condition:

0|
~
I
~
I
T

(21)
by directly applying the RG method (Egs. 13-15).

Results and Discussion

In order to validate the currently proposed method, we de-
cided to deal mainly with saturated liquid densities, for which
more data are available. In addition, this is an important
property where cubic EOSs perform poorly, as shown previ-
ously in Figure 1. As database a wide collection of pure fluids
(polar and nonpolar, linear, and branched) was considered.
The sources of data for density and vapor pressures used are
summarized in Table 2.

Saturated liquid

The comparison with experimental data is done on the ba-
sis of the RMSD, defined as:
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Table 2. Database of Compounds and Source of Data for Density and Vapor Pressure

Family Compound Saturated Liquid Density Vapor Pressure
Alkanes Methane API 44 Ambrose and Walton (1989)
Ethane API 44 Reid et al. (1988)
Propane API 44 Ambrose and Walton (1989)
n-Butane API 44 Ambrose and Walton (1989)
i-Butane API 44 Reid et al. (1988)
n-Pentane API 44 Ambrose and Walton (1989)
i-Pentane API 44 Reid et al. (1988)
n-Hexane API 44 Ambrose and Walton (1989)
n-Heptane API 44 Amrbose and Walton (1989)
n-Octane API 44 Ambrose and Walton (1989)
n-Nonane API 44 Ambrose and Walton (1989)
n-Decane API 44 Ambrose and Walton (1989)
n-Dodecane API 44 Ambrose and Walton (1989)
Alkenes Ethylene Perry and Green (1984) Reid et al. (1988)
Propylene Perry and Green (1984) Reid et al. (1988)
Alkines Acetylene Perry and Green (1984) Reid et al. (1988)
Dienes 1,3-Butadiene Daubert and Danner (1993) Reid et al. (1988)
Alcohols Methanol Perry and Green (1984) Reid et al. (1988)
Ethanol API 44 Reid et al. (1988)
Daubert and Danner (1993)
1-Propanol API 44 Reid et al. (1988)
Daubert and Danner (1993)
2-Propanol API 44 Reid et al. (1988)
n-Butanol API 44 Reid et al. (1988)
Daubert and Danner (1993)
2-Butanol API 44 Reid et al. (1988)
Amine Methylamine API 44 Reid et al. (1988)
Ethylamine API 44 Reid et al. (1988)
Carboxylic acids Acetic API 44 Reid et al. (1988)
Propionic Daubert and Danner (1993) Daubert and Danner (1993)
n-Butyric API 44 Reid et al. (1988)
Ketones Methyl-n-propyl Daubert and Danner (1993) Daubert and Danner (1993)
Esters Methyl acetate Daubert and Danner (1993) Reid et al. (1988)

n-Propyl prop.

Daubert and Danner (1993)

Reid et al. (1988)

Reid et al. (1988)
Reid et al. (1988)

Aromatic compounds  Aniline API 44
Chlorobenzene API 44
RMSD = (22)
calc _ _exp
i pi
o= — (23)

We present a result summary of calculations for all three
classic cubic EOSs in Table 3, together with the investigated
reduced temperature ranges.

It appears that the application of the currently proposed
method is able to provide accurate predictions of saturated
liquid densities in all the cases considered: the RMSD values
are reduced to 0.3-6%. In particular, the characteristic error
is 2—6% for alcohols and amines, 0.5—-2% for alkanes, <1%
for the two alkenes considered, 1-2% for esters and aromatic
compounds, and 1-3% for carboxylic acids. Note that RMSD
values obtainable in the same ranges by the same cubic EOS
with the volume shift but without the RG correction are gen-
erally higher than 10%.

From Table 3, one can see also that among the different
EOSs, best results are obtained with the vdw EOS and RKS
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EQOS; the PR EOS is slightly less accurate. However, the
agreement with the experimental densities is very good any-
way.

Two examples of error plots are given in Figures 4 and 5
for the vdW EOS in the cases of methanol and acetic acid,
respectively. These curves confirm the remarkable improve-
ment provided by our method. The shape of the error curves
is similar for all compounds considered, with a minimum be-
tween T, = 0.9 and T, = 1. The maximum deviation is always
less than 5%, while it may also reach 50% without the RG
correction. Recall that the Tz parameter was fitted to the
critical compressibility value, so that the error is zero at the
critical point. The curves do not reach the critical tempera-
ture due to convergence problems.

We point out that such results were obtained by adding
only one parameter to the original EOS. Of course, with our
method the EOSs are no longer cubic and no longer analyti-
cal.

Discussion about parameters

In Figure 6 we plot the values of the Ty parameter for
different compounds and EOSs, obtained by the application
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Table 3. RMS Deviation in Calculating Saturated Liquid Density for the van der Waals (vdw),

Redlich—-Kwong-Soave (RKS), and Peng—Robinson (PR) Equations

Family Compound Range of T, RMSD"W RMSDRKS RMSDPR
Alkanes Methane 0.5938+0.9734 0.01018 0.01054 0.01199
Ethane 0.6324 +0.9836 0.01754 0.01785 0.01876
Propane 0.6304 +0.9820 0.01789 0.01806 0.01784
n-Butane 0.6425+0.9718 0.01163 0.01218 0.01249
i-Butane 0.6693 +0.9633 0.01880 0.01860 0.01617
n-Pentane 0.6241 +0.9648 0.00448 0.00481 0.00801
i-Pentane 0.6367 +0.9843 0.01115 0.01199 0.01485
n-Hexane 0.5778-+0.9720 0.01459 0.01495 0.01574
n-Heptane 0.5426 +0.9683 0.01722 0.01741 0.01729
n-Octane 0.5154+0.9726 0.01843 0.01892 0.02016
n-Nonane 0.4930+0.9755 0.01501 0.01313 0.01390
n-Decane 0.4747 +0.9767 0.01491 0.01605 0.02238
n-Dodecane 0.4454+0.9771 0.02468 0.02514 0.03040
Alkenes Ethylene 0.6021+0.9739 0.00818 0.00833 0.01152
Propylene 0.6305+0.9731 0.00316 0.00347 0.00587
Alkines Acetylene 0.6516 +0.9731 0.01293 0.01332 0.01419
Dienes 1,3-Butadiene 0.6588 +0.9765 0.00762 0.00833 0.01102
Alcohols Methanol 0.5718+0.9753 0.02235 0.02394 0.02951
Ethanol 0.5404 +-0.8818 0.01198 0.01188 0.01011
0.7394 +-0.9827 0.04701 0.04930 0.05676
1-Propanol 0.5461 +0.8442 0.00829 0.00760 0.00459
0.7079 +0.9780 0.04775 0.04901 0.05221
2-Propanol 0.5767 +-0.8718 0.01909 0.01865 0.01517
n-Butanol 0.5206 +0.7515 0.00092 0.00120 0.00664
0.7104 +-0.9768 0.03954 0.03985 0.03864
2-Butanol 0.5469+0.7707 0.01061 0.00992 0.00618
Amine Methylamine 0.6120+0.9841 0.05688 0.05727 0.05718
Ethylamine 0.6423-+0.9710 0.02297 0.02312 0.02217
Carboxylic acids Acetic 0.5268 +0.9726 0.00988 0.01347 0.03060
Propionic 0.6990+0.9820 0.03007 0.03317 0.04501
n-Butyric 0.5942 +-0.8490 0.01326 0.01456 0.02218
Ketones Methyl-n-propyl 0.6773 +0.9803 0.04442 0.04268 0.03839
Esters Methyl acetate 0.6712+0.9772 0.01768 0.01854 0.02017
n-Propyl prop. 0.7035-+0.9849 0.01257 0.01356 0.01989
Aromatic compounds Aniline 0.5625+0.9773 0.02385 0.02536 0.03095
Chlorobenzene 0.5584 +0.9537 0.01367 0.01371 0.01320
5
0 — 04— =
»\ - ——
Q D -10
« -10 Na
) x
g -15 S 20
v 20 S
§ 25 2 30
I -30 S
= s vdW+RG & -40 vAWHRG
----------- shifted vdW e shifted vdW
A0 : 50 : :
05 06 07 0.8 0.9 1.0 05 06 07 08 09 1.0

T

r

Figure 4. Relative percent error in the prediction of sat-
urated liquid densities of methanol.

(i) By shifted vdW (dotted line) and (ii) by vdW with RG
correction (vdW + RG, solid line).
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T

¥

Figure 5. Relative percent error in the prediction of sat-
urated liquid densities of acetic acid.

(i) By shifted vdw (dotted line) and (ii) by vdwW with RG
correction (vdW + RG, solid line).
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Figure 6. Correlation Tgrg—Z. for the classic cubic
equations of state.

(a) van der Waals, (b) Redlich—-Kwong-Soave, and (c)
Peng—-Robinson. The symbols represent regressed values of
parameter Trg; the solid lines show the values calculated by
Eq. 24.

of the RG method with A =1, as a function of the critical
compressibility factor Z. It is interesting to note that there is
a correlation between Trg and Z. This is not surprising, since
Cre IS @ correction for density fluctuations, which primarily
determines the value of Z_. The following exponential func-
tions were fitted to the curves:

Cre = 1.55914 +0.01236 exp ( Z./0.04677)  for vdW EOS

Cre = 2.30017+0.02119exp ( Z./0.04878)  for RKS EOS

Cre = 5.11820+0.004424exp ( Z,/0.03479)  for PR EOS
(24)

From Figure 6 we note that

e Crg Values for the same EOS decrease as Z decreases;

e Crg for the same compound increases as we pass from
vdW to RKS to PR EOS.

Both results are reasonable if we think that the Trg pa-
rameter is an index of the extent of the RG correction: the
less is Trg, the higher is 8f, (see Eqs. 13-15). Particularly,
since the original PR EOS is more accurate for density calcu-
lations than RKS, and vdW is the worst one, we expect larger
values of Trg for PR EOS than for RKS EOS and for vdW
EOS. Moreover, it is well known that cubic EOSs usually
predict Z_ values higher than the experimental ones, so we
expect that Trg decreases as Z. decreases. These findings
are in agreement with White’s statement: ““the compression
ratio at the critical point is one measure of the aggregate size
of the fluctuation contributions &f,”(White and Zhang, 1995).

Conclusions

The problem of evaluating pure fluid volumetric properties
in the critical region by a cubic equation of state has been
addressed. A renormalization group method has been devel-
oped for the application to a generalized cubic equation of
state. In addition, a procedure to calculate model parameters
has been outlined.

AIChE Journal

The proposed method has been used successfully to cal-
culate saturated liquid densities of a wide collection of com-
ponents of different polarity. The improvement of the per-
formance of the cubic equations of state for this property is
remarkable.

Notation

npt = number of points
8= RG correction

Subscripts and superscripts

exp = experimental
n= iterative RG-step number
o= convergence value after infinite iterative steps
calc = calculated
sat = saturation
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Appendix A: Calculation of T, and f ;.

To calculate ., We start from the thermodynamic rela-
tions:

HPeeubic = I_Lid + TLr
we=m"+TInP

2'=TIng (AD)

where w9 is the ideal gas chemical potential, ° is the refer-
ence chemical potential, @' is the residual chemical poten-
tial.

The fugacity coefficient in Eq. Al is evaluated by perform-
ing the integration

pZ— pfv 1
Ing=| ——dP= ———|dP. A2
7P J ( RT P) (#2)
With a suitable change of integration variable, we obtain

| Puv 1o Pov of P 1 q A3
nNe=—-1-n—-[ |=-—]dv.
¢ RT RT fu RT o) % (A9

Substituting Eq. 9 into the Eqg. A3 and integrating, we find
the dimensional form of fugacity coefficient:

P P (v+c—b)
he=—-1-N—=-IN———
RT RT v
a(T)I v+ec A
+ n .
dRT (U+C+d) (AD)

The dimensionless expression is obtained by introducing
the definition of dimensionless variables (see Eq. 10):

| P 1-1 P In[1+(c—1)5]
nege=—-1-InN——-In{1l+(C—
Tp Tp P

1+¢p

1
+:In P
dT 1+(c+d)p

}. (AS5)

The chemical potential ;. is derived directly from Eq.
Al:

914 April 1999 Vol. 45, No. 4

=I
I

- 1
,TLO—TIn[1+(E—1)ﬁ]+E_In

1+¢p
1+(c+d)p
p (t-1)pT

C(1+cp)[1+(c+d)p] #TInTp- 1+(c-1)p

(A6)

Note that the value of term 1° is unimportant, since u° ap-
pears only in isofugacity equation.

The thermodynamic relation f=pm— P allows an easy
calculation of Helmholtz energy density f. ;.

fcubic = /_’{/'_LO ~Tln [1+(E_l)/_)]

1+¢p

Inf ——
1+(t+d)p

1 — —
s +T[|n(Tp)—1]}. (A8)
Again, note that the value of term @° is not of interest since

it does not contribute to the RG correction, as can be seen
from Eq. 14.

Appendix B: Iterative Procedure for Simultaneous
Evaluation of Parameters Crg and T

The two-equation system is given by

calc _ —exp
Zc - Zc

'L—)calc,ref — ﬁexp,ref (Bl)
where the superscript ref stands for the reference conditions
at which the volume-shift parameter € has to be calculated.

The system (Eq. B1) is solved by applying a Newton—Raph-
son algorithm. Once the initial values for parameters T and
T are assumed, the errors on both equations in Eq. B1 have
to be evaluated.

For the definition of the first error, the experimental value
of Z. is needed; note that T, p,, and P, can be calculated
directly.

On the other hand, for the second equation error we need
the experimental dimensionless densities p®® = bp®®, and
p° at T, P values corresponding to dimensional tempera-
ture and pressure of reference density data. In order to do
that, the parameters a and b corrected by the RG method
must be determined according to Eq. 10. The calculation of
a. and b comes directly from the solution of the system:

bRT P
Toale — ¢
c a.
P calc P exp

To evaluate the parameter « at the given reference tempera-
ture (the temperature for the density datum), we impose the
condition:

sat _ psat
Pcalc - Pexp'

(B3)
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Since the RG method works with dimensionless variables,
while the density data are dimensional, an iterative proce-
dure must be followed:

1. An initial guess for the parameter « (e.g., the one for
the EOS without correction) is taken;

2. T is calculated by definition, Eq. 10, with the initial value
of a and with b obtained by solving the system, Eq. B2;

3. The RG method is applied to isotherm T in order to
calculate the corrected @, P:

4. The dimensionless vapor pressure is calculated by im-
posing the conditions:

“(pL) =H(py)
ﬁ( pL) = ﬁ( Pv). (&4

5. The dimensional value of calculated vapor pressure is
determined by the definition of P;

6. Equation B3 is checked for convergence; if this is not
the case, parameter « is changed and the iterative steps are
repeated.

Once convergence on « is achieved, it is possible to evalu-
ate p°°, by solving the equation

B(5.T)=p", (B5)

where the reference P™ can be derived from its dimensional
value (usually 1 atm), because now the corrected parameters
aand b are known.

At this point, the error of the second equation in Eq. B1
also can be calculated, and the Newton—Raphson algorithm
can be applied to update the values of parameters Cgg and T
until total convergence is obtained.
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